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Abstract 
Most studies of square-lattice Hubbard models in view of cuprate superconductors hitherto have neglected a band-
renormalization effect (BRE) owing to strong electron correlation, especially, for an antiferromagnetic (AF) order. In this study, 
we introduce BRE into a ݀-wave superconducting and an AF states independently in the framework of many-body variation 
theory. It is found that, in sharp contrast to usual understandings, energy of an AF state is sizably reduced by BRE, and the AF 
area in the ground-state phase diagram is greatly expanded to cover the whole underdoped regime. The AF state with BRE 
exhibits distinct features according as the value of diagonal hopping ratio ݐԢȀݐ is greater or less than ݐԢȀݐ̱ െ ͲǤͲͷ.  
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1. Introduction 
With high- ୡܶ cuprates in mind, the ground-state phase diagram of the Hubbard and ݐ-ܬ models on the square 
lattice has been pursued widely in theoretical studies. As their general tendency, in a strongly correlated regime 
(ܷ ذ ܹ , ܹ : band width), as the doping rate δ increases from half filling (ߜ ൌ Ͳ), the ground state is rapidly 
 
 
* Corresponding author. Tel.: +81-22-795-6444; fax: +81-22-795-6447. 
E-mail address: yoko@cmpt.phys.tohoku.ac.jp 
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the ISS 2015 Program Committee
10   H. Yokoyama et al. /  Physics Procedia  81 ( 2016 )  9 – 12 
switched from an antiferromagnetic (AF) state predominant at ߜ ൌ Ͳ to a ݀-wave superconducting (SC) state, in 
particular, for a moderately negative diagonal hopping ratio (ݐᇱȀݐ̱ െ ͲǤ͵). Such an aspect is broadly consistent with 
experiments on cuprates. A similar result is reached by a variational Monte Carlo (VMC) method [1], which is 
useful for dealing with strongly correlated systems. The above situation between AF and SC states basically does not 
alter, even if one allows for a band-renormalization effect (BRE) in the ݀-wave SC state Ȳௗ [2,3]. However, we 
showed in a previous publication [4] that the situation greatly changes if we introduce BRE in paramagnetic ሺȲ୒) 
and, especially, in AF (Ȳ୅୊ ) states. In [4], we mainly discussed the intrinsic instability of Ȳ୅୊  toward phase 
separation [1] in a Hubbard (ݐ-ݐԢ-ܷ) model; the aim here is to show the renormalized AF state becomes widely stable 
and exhibits distinct features according as the value of ݐԢȀݐ is greater or less than െͲǤͲͷ.  
2. Model and method 
As a basic model of cuprates, we consider the Hubbard model on a square lattice with diagonal hopping term:  
࣢ ൌ ࣢௧ ൅࣢௧ᇲ ൅ ࣢௎ ൌ െݐ ෍൫ܿ௜ఙற ௝ܿఙ ൅ Ǥ Ǥ ൯ െ ݐᇱ ෍ ൫ܿ௜ఙற ௝ܿఙ ൅ Ǥ Ǥ ൯ ൅ ܷ෍ ௝݊՛ ௝݊՝
௝ሺ௜ǡ௝ሻఙۃ௜ǡ௝ۄఙ
ǡ ሺͳሻ 
where the sums of ۃ݅ǡ ݆ۄ and ሺ݅ǡ ݆ሻ are taken for nearest-neighbor and diagonal-neighbor site pairs, respectively. To 
this model, we apply a variational Monte Carlo method with a trial wave function of Jastrow type, Ȳ ൌ ொܲ ୋܲȰ, 
where Ȱ shows a one-body wave function, and the many-body factors ୋܲሺ݃ሻ and ொܲ(ߞୢǡ ߞ୦) are the well-known 
onsite (Gutzwiller) factor and a nearest-neighbor doublon-holon binding factor, which is essential to describe a 
(doped) Mott insulator, respectively [5]. We treat AF and ݀-wave SC states independently in this article, and leave a 
mixed state to the companion papers [6]. As a one-body state (Ȱ), a Fermi sea Ȱ୊ୗ ൌ ς ܿܓǡఙறܓאܓూǡ஢ ȁͲۄ is used for a 
paramagnetic (or normal) stateȲ୒. For an AF state Ȳ୅୊, a form of Hartree-Fock solution for the completely nested 
case (ݐᇱ ൌ Ͳ) [7] is adopted: Ȱ୅୊ ൌ ς ܽܓǡ஢ାܓאܓూǡఙ ȁͲۄǡ with AF quasi-particles,  
ܽܓǡ஢ற ൌ ߙܓܿܓǡఙற ൅ ሺߪሻߚܓܿܓାۿǡఙற ǡሺܓ א ሻሺʹሻ  
ܽܓାۿǡ஢ற ൌ െሺߪሻߚܓܿܓǡఙற ൅ ߙܓܿܓାۿǡఙற ǡሺܓ ൅ ۿ ב ሻሺʹሻ 
ۿ ൌ ሺߨǡ ߨሻ, ሺߪሻ ൌ ͳ or ሺെͳሻ according to ߪ ൌ՛ or ՝, and 
ߙܓሺߚܓሻ ൌ
ͳ
ξʹඨ
ͳ െ ሺ൅ሻ ߝܓ
ඥߝܓଶ ൅ ߂ଶ
ǡߝܓ ൌ ߛܓ ൅ ߝୢ ൅ ߝଶ ൅ ߝ୦ ൅ ߝଷǤሺ͵ሻ 
Here, ߂ corresponds to an AF gap parameter in the sense of mean-field theory. To introduce BRE, we expand the 
band dispersion ߝܓ [second equation in Eq. (3)] using the form of tight-binding bands up to three-step processes: 
ߝୢ ൌ െͶݐୢ݇௫݇௬ , ߝଶ ൌ െʹݐଶሺʹ݇௫ ൅ ʹ݇௬ሻ , ߝ୦ ൌ െͶݐ୦ሺʹ݇௫  ݇௬ ൅  ݇௫ ʹ݇௬ሻ , and ߝଷ ൌ
െʹݐଷሺ͵݇௫ ൅ ͵݇௬ሻ , in addition to ߛܓ ൌ െʹݐሺ݇௫ ൅ ݇௬ሻ . Here, ݐ஗Ȁݐ  (Ʉ ൌ ǡ ʹǡ ǡ ͵ ) is a parameter 
independent of ݐᇱȀݐ in ࣢ and is optimized along with the other variational parameters (݃, ߞୢ, ߞ୦, ߂). Note that ܓ୊ 
also varies, correspondingly. By introducing ߝ஗, Ȳ୅୊ becomes a trial state suitable for finite ݐᇱȀݐ and ߜ in strongly 
correlated regimes, although Ȱ୅୊  loses the sense of a Hartree-Fock solution satisfying ሺߨǡ ߨሻ-band folding. In 
optimizing Ȳ୅୊, standard VMC procedures are repeatedly performed until reliable convergence at the global minima, 
because the energy surface is extremely flat and discontinuous as a function of ݐ஗Ȁݐ. Similarly, in the dispersion ߝܓௗ 
of a ݀-wave pairing state Ȱௗ, we introduce four band-adjusting parameters as in Eq. (3).  For details, see Ref. [6]. 
3. Results and Discussions 
We start with the improvement of energy owing to BRE in the AF state. In Table 1, total energy per site ܧȀݐ is 
compared among several levels of wave functions for an underdoped density in a strongly correlated regime. 
Improvement by BRE in the AF state is very great especially for ݐᇱȀݐ ൌ െͲǤ͵, as compared to the normal and d-
wave pairing states, in which the energy decrements are one or two orders of magnitude smaller.  Thus, for ݐᇱȀݐ ൌ
െͲǤ͵, unless BRE is introduced, the ݀-wave state is by far more stable than the AF state, but this relationship is 
reversed by BRE. Generally, the improvement by BRE is effective for a large ȁݐᇱȀݐȁ. Anyway, it is expected from  
Table 1 that the AF state widely prevails in the ground-state phase diagram.  We will return to this point later.  
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Table 1. Total energy per site is compared among various states for three ݐԢȀݐ values. Doping rate and interaction strength are fixed at ߜ ൌ
ͲǤͲͺ͵͵ (L=12) and ܷȀݐ ൌ ͳʹ. respectively. Given in square brackets are the energy improvement in percentage:ሾܧሺȦǡ ሻ െ ܧሺȦǡ ሻሿȀ
ȁሺȦǡ ሻȁ with Ȧ=Normal, ݀-wave and AF, and ሾܧሺǡ ሻ െ ܧሺ	ǡ ሻሿȀȁሺ	ǡሻȁin the last column. For the mixed state, see Ref. 
[6]. No improvement in the normal state for ݐԢȀݐ ൌ േͲǤ͵  is accidental. The last digit in each section has some statistical error. 
ݐԢȀݐ Normal (BRE) d-wave (BRE) AF (no BRE) AF (BRE) Mixed (BRE) [6] State of Ȳ୫୧୶ 
െͲǤ͵Ͳ െͲǤͶ͵͹͵ [0.0] െͲǤͶ͸͹͵ [0.15] െͲǤͶ͵ͺͲ െͲǤͶͻͶʹ [12.8] െͲǤͶͻͷͻ [0.34]  AF 
ͲǤͲͲ െͲǤͶ͸Ͳ͵ [0.0] െͲǤͶͺͶ͵ [0.04] െͲǤͶͺ͸ͺ െͲǤͶͻ͸͹   [2.0] െͲǤͷͲͳͳ [0.87] Coexistent  
ͲǤ͵Ͳ െͲǤͷͲͷͻ [0.0] െͲǤͷͳ͹ͷ [0.29] െͲǤͷͷʹ͸ െͲǤͷ͸Ͳʹ   [1.4] െͲǤͷ͸Ͳ͵ [0.03] AF 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
We turn to the properties of the optimized AF state. In Fig. 1(a), the optimized band parameters ݐ஗Ȁݐ (Ʉ ൌ
ǡ ʹǡ ǡ ͵) are shown as functions of correlation strength for ݐԢȀݐ ൌ െͲǤ͵ and ߜ̱ͲǤͲͺ. It is notable that in the AF 
regime (ܷȀݐ ذ ͵Ǥͷ), the values of ݐ஗Ȁݐ, namely, the effective band form is almost independent of ܷȀݐ. For other 
values of ݐԢȀݐ and ߜ, ݐ஗Ȁݐ exhibits similar constant behavior as a function of ܷȀݐ. Plotted in Fig. 1(b) is the same 
quantities as a function of ݐԢȀݐ for ܷȀݐ ൌ ͳʹ and ߜ̱ͲǤͲͺ. In this case, the optimized ݐ஗Ȁݐ is also nearly constant (i) 
for ݐԢȀݐ د െͲǤͲͷ, and (ii) for ݐԢȀݐ ذ െͲǤͲͷ, but the values of ݐ஗Ȁݐ are distinct between the regimes (i) and (ii). This 
bisectional behavior of ݐ஗Ȁݐ is common to any case of ܷȀݐ and ߜ as long as the AF state is stabilized. The value at 
which the regime is divided, defined as ݐǁԢȀݐ, is situated at െͲǤͳ ൏ ݐǁԢȀݐ ൏ Ͳ for any value of ܷȀݐ and ߜ (ܮ). Thus, the 
optimized effective band form is classified into two types, (i) and (ii), according to the value of ݐԢȀݐ. In both cases, 
ߝܓ in Eq. (3) is modified so as to satisfy the nesting condition. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1. The optimized band parameters in Ȳ୅୊ are plotted as a function of (a) ܷȀݐ for ݐԢȀݐ ൌ െͲǤ͵, and of (b) ݐԢȀݐ for ܷȀݐ ൌ ͳʹ. Doping 
rates are ߜ ൌ ͶȀͳͲͲ (ܮ ൌ ͳͲ) and 12/144 (ͳʹ). In (a), the state is paramagnetic for ܷȀݐ د ͵Ǥʹͷ. The red arrow in (b) indicate the 
transition point of an AF character ݐǁԢȀݐ (̱ െ ͲǤͲͷ), near which ݐ஗Ȁݐ  may not be sufficiently optimized especially for ܮ ൌ ͳʹ. 
Fig. 2. Total energy per site is compared among various states as a function of ݐԢȀݐ. For the AF and ݀-wave states, results with and without 
BRE are simultaneously plotted. For the normal state, the results for ݐ஗ ൌ Ͳ are also shown, in addition to the case without BRE. In (a), a 
result of a staggered flux (d-density wave) state [8] is added for reference.  
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Various physical quantities as well as the other variational parameters are singular at ݐǁԢȀݐ, and behave distinctly 
in the two regimes. Among them, an important feature is the difference in the positions where Fermi surfaces appear, 
as preliminarily reported in the preceding article [4]. For ߜ ൐ Ͳ , since Ȳ୅୊  becomes metallic, the momentum 
distribution function ݊ሺܓሻ should exhibit discontinuities (Fermi surfaces). In type (i), ݊ሺܓሻ has pocket-like Fermi 
surfaces around ሺߨȀʹǡ ߨȀʹሻ and equivalent points in the nodal directions, but no discontinuities near the antinodal 
points ሺߨǡ Ͳሻ and equivalent ܓ's, whereas in type (ii), the situation is opposite. As discussed in [6], a coexistent state 
of AF and SC orders appears only in type (ii). Thus, we anticipate that ݀-wave SC manifests itself using the electron 
scattering of ܙ ൌ ۿ ൌ ሺߨǡ ߨሻ, only if Fermi surfaces exist near the antinodal points in the underlying state.  
In Fig. 2, total energy is compared among various states for a strong correlation (ܷȀݐ ൌ ͳʹ). Corresponding to 
the division of the AF regime at ݐǁԢȀݐ, ܧȀݐ of Ȳ୅୊ behaves as different linear functions of ݐԢȀݐ in the regimes (i) and 
(ii), regardless of ߜ. As discussed previously [1], as holes are doped, an AF state without BRE rapidly becomes 
unstable compared with a ݀-wave SC state, which seemed to prevail in a wide range of ݐԢȀݐ. However, if BRE is 
introduced, the AF state is considerably stabilized and the lowest in energy in the whole regime of ݐԢȀݐ for ߜ ൌ ͲǤͲͺ 
[Fig. 2(a)]. Even at the optimum doping rate (ߜ ൌ ͲǤͳ͸), the regime of ݀-wave SC state is limited to a range near 
ݐԢȀݐ ൌ Ͳ [Fig. 2(b)]. Making a similar analysis for different values of ߜ , we constructed a ground-state phase 
diagram in the ݐԢȀݐ -ߜ  space for ܷȀݐ ൌ ͳʹ , as shown in Fig. 3(a). The AF phase occupies almost the whole 
underdoped regime except for the vicinity of ݐԢȀݐ ൌ Ͳ, where, however, the AF state is unstable toward phase 
separation as pointed out in Refs. [1,9]. We find in a phase diagram in the ߜ - ܷ  space [Fig. 3(b)] that this 
predominant AF phase depends on ܷȀݐ only weakly. The results here and in Refs. [9,10] suggest that, for describing 
cuprates, some additional factor that selectively destroy the AF long-range order is needed for the Hubbard model.  
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Fig. 3. Ground-state phase diagrams (a) in ݐԢ-ߜ space for ܷȀݐ ൌ ͳʹ, and (b) in ߜ-ܷ space for three values ofݐԢȀݐ. 'P.S.' in (a) indicates 
the area of instability toward phase separation previously discussed in [4]. In (b), the boundary dashed lines indicates the locus where 
an AF order vanishes; therefore, the regime of d-wave somewhat expands into the AF side. 'fragile d-wave' is used as a sense of Kohn-
Luttinger. Data of ܮ ൌ ͳͲ and 12 are used. 
